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eories

for an Angle Lamina

YOUR WAY TC SUCCESS

* The failure theories are generally based on the normal and shear
strengths of a unidirectional lamina.

* |n the case of a unidirectional lamina, the five strength parameters are:

O Longitudinal tensile strength (O-I )U't

O Longitudinal compressive strength (alc )ult
 Transverse tensile strength (UE )ult

QO Transverse compressive strength (0 (Z:)ult

O In-plane shear strength (1-12 )ult
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Tsai-Hill Failure Theory

abal @l szaggs

YOUR WAY TC SUCCESS

Based on the distortion energy theory, Tsai and Hill proposed that a
lamina has failed if:

(Gz+GB)O'2+(Gl+G3) +(G1+G) —2G30102—2G10103
—2G1020312Ga153+t2Gs 1132 G 15, < 1

 This theory is based on the interaction failure theory.
» The components G, thru G, of the strength criteria depend on the
strengths of a unldlrect|on ﬁi lamina.
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Components of Tsai-Hill Failure Theo

(GZ+GS)O'12+(Gl+G3)O'§+(Gl+GZ)O% —2Gs0102—2G20103

— 2Glo'z 0'3"'2 G4 T§3+2 G5 1'123"'2 GG 1'122< 1

—( T
Apply ”1_(01 )“'“ to a unidirectional lamina, then the lamina will fail.
Hence, Equation reduces to:

2

(Gz"'G )(0'1 )UIt =1
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Components of Tsai-Hill Failure Theo

(GZ+GS)O'12+(Gl+G3)O'§+(Gl+GZ)O% —2Gs0102—2G20103

— 2Glo'z 0'3"'2 G4 T§3+2 G5 1'123"'2 GG 1'122< 1

—( T
Apply 02_(02)‘"“ to a unidirectional lamina, then the lamina will fail.
Hence, Equation reduces to:

2

(G1+G )(0'2)u|t =1
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Components of Tsai-Hill Failure Theo v

(Gz+Gs)O'12+(Gl+Gs) +(Gl+G) —2Gs0102—2G20103

— 2610'2 0'3"'2 G4 T§3+2 G5 T123+2 GG 1'122< 1

Apply 0-3:(0'-5)ult’ to a unidirectional lamina, and assuming that the
normal tensile failure strength is the same in direction (2) and (3), then the

lamina will fail. Hence, Equation reduces to:
2

(Gl+G )(0'2)u|t =1
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Components of Tsai-Hill Failure Theo

(GZ+GS)O'12+(Gl+G3)O'§+(Gl+GZ)O% —2Gs0102—2G20103

— 2Glo'z 0'3"'2 G4 T§3+2 G5 1'123"'2 GG 1'122< 1

APPY 71,=(712)1 to a unidirectional lamina, then the lamina will fail.
Hence, Equation reduces to

2 Ge (le)ilt:]'
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Components of Tsai-Hill Failure Theo

YOUR WAY TC SUCCESS

—'@

(Go+Ga)ot Jor =1 _{m_km )u.tf]
ol jo

G=7
2 [( O--lr )ult]2

(Gi*+G2)ob ; G?’:%([( all)u.t]zj

2 GG (le)ﬁlt:]' 1 1
6__[[( T12 )u|t]2]
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Tsai-Hill Failure Theory — Plane Stress N ad

<\l.wl @l e.n.x)b

Because the unidirectional lamina is assumed to be under plane stress - that

IS — — —
"03 — T31 — T23 — 0,

(Go+G3)a2 HG1+G3) o2 HG1+G))or — 2Gao102— 2Ga0103

—2G10203F2Ga133H2Gs 1132 G 112 < 1

01 010? 0?2 T12
<1

(Ul)ult _(Gir )ﬁlt _ _(O'-IZ-)uIt _ _(T12)ult _

COLLEGE OF ENGINEERING - dsssiml| a4l

Tikrit University - cu)$5 asola ‘



Tsai-Hill Failure Theory

 Unlike the Maximum Strain and Maximum Stress Failure Theories, the Tsai-
Hill failure theory considers the interaction among the three unidirectional
lamina strength parameter.

» The Tsai-Hill Failure Theory does not distinguish between the compressive
and tensile strengths in its equation. This can result in underestimation of
the maximum loads that can be applied when compared to other failure
theories.

* Tsai-Hill Failure Theory underestimates the failure stress because the ‘
transverse strength of a unidirectional lamina is generally much less than its
transverse compressive strength.
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Example 4.1

abal o] esayha

YOUR WAY TC SUCCESS

Find the maximum value of S>0 if a stress of o, =2S,0, =-3S,and 7,, =4S

Is applied to a 60° lamina of Graphite/Epoxy. Use Tsai-Hill Failure Theory.
Use properties of a unidirectional Graphite/Epoxy lamina given in Table 2.1
of the textbook Mechanics of Composite Materials by Autar Kaw.

2\ I E/l

/R

FIGURE 4.1
Off-axis loading in the x-direction

7%
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http://autarkaw.com/books/composite/index.html

Solution

<

alaal @lf ezigybs

YOUR WAY TC SUCCESS

The stresses in the local axes are:

o1| | 02500 0.7500 08660 ] 2S
0.7500 0.2500 -0.8660 | -3S
1-04330 04330 -05000] 4S

02

T12

- 01714x10"

-0.2714x10' | S.

_-0.4165 X 1()1_
COLLEGE OF ENGINEERING - dsssyml| 8414



Example 4.2 A
ot oo
- 92 1T 92 42
?1 . 0-#0'2 + ?2 + 712 <1
_(0'1 ult _ _(O-l )ult | _(0'2)ult _ _(le)ult _

1.7145 Y 1.714S _2.714S 27148\ (—4.1655)
6 | 6 3 5| T 6 <1
1500 % 10 1500%10° )1 1500% 10 10% 10 6810

S <10.94 MPa
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Modified Tsai-Hill Failure Theory

SR = 10.94 (Tsai—Hill failure theory)

SR = 16.33 (maximum stress failure theory)

bl gl sagla

YOUR WAY TC SUCCESS

SR = 16.33 (maximum strain failure theory)

) o2«

=(0°),.if 5, <0
Y = ((7; )ult, if o,>0 S= (712 )ult

- (O'zc )ult’if o, <0
COLLEGE OF ENGINEERING - dsssyml| 84l&



Tsai-Wu Failure Theory

» Tsal-Wu applied the failure theory to a lamina in plane stress. A lamina is
considered to be failed if:

2 2 2
H,o,+H,0,+H,r,+H,0] +H,,0, + H,t, +2H,,0,0, <1

s violated. This failure theory is more general than the Tsai-Hill failure
theory because it distinguishes between the compressive and tensile
strengths of a lamina.

* The components H:— He of the failure theory are found using the five
strength parameters of a unidirectional lamina.
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Components of Tsai-Wu Fail

abal o] esayha

YOUR WAY TC SUCCESS

a) Apphs, =(o7),..0, =07, =0 to a unidirectional lamina, the lamina will fail. Equation

(2.1592) reduces to:
H 1(0'I )UIt+ H 11(0'I )ilt:]"
b) Apply, =—(6°),..o, =07, =0 to a unidirectional lamina, the lamina will fail. Equation

(2.152) reduces to:
- Hl(O'f)ult'l' Hll(o'lc)jlt:]-'
From Equations (2.153) and (2.154),

1 1

o G

1

Hi= ,
(O-I )ult (O-f )ult
COLLEGE OF ENGINEERING - dsssyml| 8414




Components of Tsai-Wu Fail

abal o] esayha

YOUR WAY TC SUCCESS

c) Apphy, =0,0, =(07 ),..7, =0 tO a unidirectional lamina, the lamina will fail. Equation

(2.152) reduces to
H> (0'5 )UIt+ H 22 (0'; )jlt:]"
d) Apphs, =0,0, =—(c%),,.7,, =0t0 a unidirectional lamina, the lamina will fail. Equation

(2.1592) reduces to:

2

—H: (Ug)ult+ H 22 (Ug)ult:]-'
From Equations (2.157) and (2.158):

1 1

H.= :
2 (O-E )ult (0-(2: )ult

1

( 2 )u (0 2 ) |
coO 0 It It




Components of Tsai-Wu Fail

abal o] esayha

YOUR WAY TC SUCCESS

e) Apphy, =0,0,=0,7,=(z,),, tO a unidirectional lamina, the lamina will fail. Equation

(2.1592) reduces to:

He (712 )ult+ H e (712 )lz,llt:l'
) Applys, =0,0,=0,7,, =—(z,),, to a unidirectional lamina, the lamina will fail. Equation

(2.152) reduces to:
—Hs (le )ult+ H 6o (712 )jlt:]"
From Equations (2.157) and (2.158),

H6:O1
1

>

(712 )ult

COLLEGE OF ENGINEERING - dsssyml| 8414
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Determination of Hq,

abal o] esayha

YOUR WAY TC SUCCESS

Apply equal tensile loads along the two material axes in a unidirectional composite. |f
ox=0y= 0 Tx,=0,is the load at which the lamina fails, then:

(Hi+Ho)oH(Hu+ H 2 +2 Hi)o" =1

The solution of the Equation (2.165) gives:

1
lezﬁ[l'( Hit*H,)o—(HutH2 )0'2]-
o

2 2 2
H,o,+H,0,+H,r,+H,0 +H,,0, + H,t, +2H,0,0, <1

COLLEGE OF ENGINEERING - dsssyml| 8414



Determination of Hq,

abal o] esayha

YOUR WAY TC SUCCESS

Take a 45° lamina under uniaxial tension ox . The stress ox at failure is noted.

If this stress is oy =0 then using Equation (2.94), the local stresses at failure are:

o
o, =—
1 1
2
o
o, =—
2 ]
2
o
T, =——.
12
2

Substituting the above local stresses in Equation (2.152):

2

(H 1T H 2)%+%(H ntHaotHet2 H12):1,
2 + 1

Hi= 2_(H1 HZ)__(H11+H22+H66)'
o o 2

COLLEGE OF ENGINEERING - dsssyml| 84l



Empirical Models of Hq,

abal @l iyl
H, = 1 as per Tsai-Hill failure theory?
2( 01 )ult
1 o
H, = as per Hoffman criterion©
2( 01 )ult( 01 )ult
1 1 . .
H, = = o - s as per Mises-Hencky criterion’
(0'1 )ult 01 )ult (0-2 )ult (0-2 )ult

COLLEGE OF ENGINEERING - dsssyml| 8414



Example 4.3

bl gl sagla

YOUR WAY TC SUCCESS

Find the maximum value of S >0 ifa stress ox=2S,5y=-3S and Ty =4S

are applied to a 60° lamina of Graphite/Epoxy. Use Tsai-Wu failure theory. Use the
properties of a unidirectional Graphite/Epoxy lamina from Table 2.1.

COLLEGE OF ENGINEERING - dsssiml| a4l&



Example 4.3

<

abal o] esayha

YOUR WAY TC SUCCESS

 Using Equation (2.94), the stresses in the local axes are:

o1| | 02500 07500 08660 2S
0.7500 0.2500 -08660( -3S

op.
i 1-04330 04330 -05000| 45
- 01714x10'|
=|-0.2714x10"| S.
-0.4165%x10"
COLLEGE OF ENGINEERING - dwssiml{ 814

Tikrit University - cu)$i aola




Example 4.3

bl gl sagla

YOUR WAY TC SUCCESS

1 1

H. = _ 0 pat,
1T 1500x10° 1500x10f @

1 1

H, = _ —2093x10° Pa,
27 40x10°  246x10° 10" Pa

H, =0 Pa™,
1
H, = 6 6
(1500x 10° )(1500x10°)

1
H22 = 6 6
(40x 10°) (246x10°)

= 44444x10%° pa2,

=10162x10"° Pa2,

1

H,. =
66 (68)(106 )2

=21626x10"°pPa2?,

1
H,, =-05(4.4444x10™) (10162x10")} =-3.360x10" Pa™.
COLLEGE OF ENGINEERING - dsssyml| 8414



Example 4.3

alaal @lf ezigybs

YOUR WAY TC SUCCESS

Substituting these values in Equation (2.152), we obtain:

(0)1.714S }+(2.093x10°)-2.7145)
+HO)-41655 }+(4.4444x107°)1.714S }
+10162 x10%°)-2.714S -+H21626x107°(4165S )

+2(-3360x10™)1.714S (-2.7145 ) <1,

or

S<22.39MPa

COLLEGE OF ENGINEERING - dsssyml| 8414



Example 4.3

bl gl sagla

YOUR WAY TC SUCCESS

If one uses the other two empirical criteria for Hq, as per Equation (2.171), one obtains:

1
2( O'I )Elt’
1 1
S<2249MPa forH,, =

2( O-I )ult O-f )ult |

Summarizing the four failure theories for the same stress-state, the value of Sobtained is:

S<2249MPa forH,,=-

S =16.33 (Maximum Stress failure theory),
= 16.33 (Maximum Strain failure theory),
= 10.94 (Tsai-Hill failure theory),
= 16.06 (Modified Tsai-Hill failure theory),
= 99.39 (Tsal-Wu failure theory).

COLLEGE OF ENGINEERING - dsssyml| 8414



Strength Failure Theories L -
of an Angle Lamina

* The failure theories are generally based on the normal and shear
strengths of a unidirectional lamina.

* An isotropic material generally has two strength parameters:
normal strength and shear strength.

* |n the case of a unidirectional lamina, the five strength parameters are:

O Longitudinal tensile strength (O'I )un
O Longitudinal compressive strength (af i
Q Transverse tensile strength (g5 it

QO Transverse compressive strength (02 )un
U In-plane shear strength leu,t

COLLEGE OF ENGINEERING - dwssiml| 4414
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S:Ms.‘ﬁn le'c
Experimental Results and Failure Theoriegﬁ}i

* Tsal and Wu compared the results from various
fallure theories to some experimental results. He
considered an angle lamina subjected to a uniaxial
load in the x-direction.

COLLEGE OF ENGINEERING - dsssiml| a4l
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Experimental Results and <%
Maximum Stress Failure Theory

C T
a (0'1 )ult S0 S (0-1 )ult 160
C
C T 140 -
—\O2 ult S 62 S O 2 Jult 120 - Maximum Stress Failure Theory
100 -
- (712 )ult ST S (712 )ult 2 20
5 60 - Experimental Data Points
40
20 +
0 . S :
D/ 30 ﬂZ 60 90
Angle of Latnina.6 (Degrees)
FIGURE 4.2

Maximum normal tensile stress in x-direction
COLLEGE OF ENGINEERING - ass=unl| gggsfunction of angle of lamina using maximum

Tikrit University - cu,<s asola | Stress failure theory '




Experimental Resul!s and

Maximum Strain Failure Theory o~

C T
— (81 )un <& <(81 )un 1%

160 -
C T 140

- (82 )ult <&z <(82 )ult e
80 -

- (7/ 12 )ult <y 12<(7/ 12 )ult 60 -
40 -
20 -

Experimental Data Points

/ Maximum Strain Failure Theory
© : —©)

0 20 40 60 80 100
Angle of Lamina,® (Degrees)

o] X . FIGURE 4.3
Maximum normal tensile stress in x-
- OLLEGE OF ENGINEERING - awsiml| 4412 direction as function of angle of lamina

using maximum Strain failure;theory

Tikrit University - cu)$5 asola J
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Experimental Results and =
Tsai-Hill Failure Theory

0102

(0'1)u|t _(GlT)ﬁlt |

FIGURE 4.4

Maximum normal tensile stress in
x-direction as function of angle of
lamina using Tsai-Hill failure theory

COLLEGE OF ENGINEERING - dssym

2 2
T12
A e |
(0'2) ult (‘L'12) ult
150 O
|\ Tsai-Hill Failure Theory
100 ‘/
g
) .
30 Experimental Data Points
0 . . : | j:}_l T : T T r)
0 15 30 45 60 75 90

Angle of Lamina.0 (Degrees)

Tikrit University - cu)$5 asola

pm—




Experimental Results and .« <%
Tsai-Wu Failure Theory

Tsai-Wu Failure Theory

100

o, (ksi)

Experimental Data Points

FIGURE 4.5

Maximum normal tensile stress in
x-direction as function of angle of
lamina using Tsai-Wu failure theory 0

¥

0 15 30 45 60 75 90

Angle of Lamina,0 (Degrees)
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Comparison of Strength Ratios

S =16.33 (Maximum Stress failure theory),
=16.33 (Maximum Strain failure theory),
= 10.94 (Tsal-Hill failure theory),

= 16.06 (Modified Tsai-Hill failure

theory),
= 99.39 (Tsai-Wu failure theory)

= 7

al’

x N
Oyx .
COLLEGE OF ENG¥ RING—is= st i %
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Hygrothermal Stress-Strain
Relationship distof st

* For a unidirectional lamina

T C

&1 Siu1 Sp 0|l o1 &1 &1
C

1= S12 So» Ol oz |*| &2 || &2

V1 0 0 Se || 712 0 0

* Thermally induced strains: &1 a |
6‘; =AT | o
L - 0 0
&1 B L - - -
g5 |=AC B,
0 0

« Moisture induced strains:

COLLEGE OF ENGINEERING - dsssyml| 8414
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Hygrothermal Stress-Strain
Relationship st i

YOUR WAY TC SUCCESS

* For a unidirectional lamina

&1 Sy S O|| o1 &1 er
g2=|S12 Sz O||og2|t+|e2|*]|es
o] | 0 0 Ses |12 i O_ I 0_

4
_0'1_ _Q11 Q. 0] _31 - el - glc_
62|=1Qu Qp Olle-e - e
| T12 | 0 0 Qs | V12 |

COLLEGE OF ENGINEERING - | als
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Hygrothermal Stress-Strain

Relationship et e
* For an angular lamina
o] [Sa 82 Sul[e] || |
&y|= 1S S» Suxl|loy|T|ey|* 85
7w | 1S Sz Ses] | Tw. _Vly_ _ny_ (2.178)

« Thermalty induced strains:
EX ax
g‘)l'/ =AT Ay
(2.179)
y | Oy - -
o £ B,
£ |=ac| 4,
. . . C
* Moisture induced strains: L7 »_ Py

COLLEGE OF ENGINEERING - ss=iml| 431432, 180)



Transformation of CTE

* For an angular lamina

| ch_ _061_
ay | = [T ]_l 02
oy 12 0 (2.181)
'Cz 82 —2sC | B Cz 82
[T1'=|s" & 2sC [TI=| §° ¢°
SC —scC 02—32_ (2.95) -SC SC

c=Cos(0)
COLLEGE OF ENGINEERING - dsssyml| 8414
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(2.96)
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Transformation of Coefficients of Moisture Expan

* For an angular lamina
B A
B, =117 5,
(2.182)
By 12 | 0]
(2 2 —2sC 2 2 2sC]
[T1'=|s° ¢ 2sc [TI=| s ¢ -2sc
SC —sC ¢?-s?|  (2.95) -SC SC ¢*-s®|  (2.96)
c=Cos(89)

COLLEGE OF ENGINEERING - dssaiml| a4l&
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Example 4.4

bl gl sagla

YOUR WAY TC SUCCESS

Find the following for a 60° angle lamina of Glass/Epoxy

a) coefficients of thermal expansion,
b) coefficients of moisture expansion,
C) strains under a temperature change of -100°C and a moisture absorption of 0.02 kg/kg.

Use properties of unidirectional Glass/Epoxy lamina from Table 2.1.

COLLEGE OF ENGINEERING - dsssyml| 8414



Example 4.4

a) From Table 2.1,
a1=8.6x10%m/m/°C,
a,=22.1x10°m/m/°C.

Using Equation (2.181), gives

ax| [0.2500 0.7500 -0.8660
ay|=|0.7500  0.2500 0.8660
0.4330 -0.4330 -0.5000

a] | 18.73x107]

| |-11.69x10°

COLLEGE OF ENGINEERING - dsssiml| a4l&
Tikrit University - cu$s aeola

[ 8.6 x 10'6_
22.1x10°° |,

ay|=| 11.98x10° [m/m /°C.

I ax_ _al
Uy — [T ]-1 a:z |
12 0

bl gl sagla

YOUR WAY TC SUCCESS

(2.181)




Example 4.4

ot
b) From Table 2.1 ] ) o
B,=0 mim/kg/kg. By Jig
5,=06 mimikglkg B, =TT 5,
Using Equation (2.182) gives | By /2_ | 0] (2.182)

F.| [0.2500 0.7500 -0.86601[0.0
B,(=|0.7500 0.2500 0.8660|| 0.6
B, 12 10.4330 -0.4330 -0.5000) O

5| [ 0.4500
B, |= 0.1500| m/m/kg/kg
B, | [-0.5196]

- - s ¢)

COLLEGE OF ENGINEERING - assaimi| s



Example 4.4

e
¢) Now using Equations (2.179) and (2.180) to calculate the strains as.
| [ 18.73x10°] ©0.4500°
Ey 11.98x107° |(-100)+| 0.1500 [(0.02)

yxy __ 11.69 x 10-6_ - 05196_

[ 0.7127x107]
=| 0.1802x10? |m/m
- 0.9223x 102_
- 17—~ —  — = 1 11 T <c1(2.178
Ex Si1 S12 Si6|| Ox Ex £x

COLLEGE OF ENGINEERING - dsssiml|
Tikrit University - cu)$i aola
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a‘l | }/Xy_

- = = T C
Si2 S Sx|loy|T| &y |T| &y




bl @lf syl

YOUR WAY TC SUCCESS

END
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